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1 Problem

Find the number of subsets of {1,2,3, ..., z} that contain exactly one pair of consecutive
integers. Examples of such subsets are {1,2, 5} and {1, 3, 6,7, 10}.

2 Solution using recurrences and generating functions

There are numerous ways to solve this problem but here is my solution involving

generating functions because I absolutely them.

2.1 Subsets with no consecutive integers

We first find the number of subsets of {1,2, ..., #}, 7 > 2 with no consecutive integers. This
is equivalent to finding the number of bit strings of length 7 which don’t have consecutive

ones. Let g(7) be the number of bit strings with the required property.

If a bit string with the required property starts with one, then the bit immediately next to it
cannot be a one. The number of bit strings with the required property that start with a one
isg(n—2).

Similarly, it is easy to see that the number of bit strings with the required property that
begin with a zero is g(n — 1).

Therefore, we have ¢(n) = g(n — 1) + g(n - 2),2(2) = 3,¢(3) = 5. The form of the

recurrence is the same as that of the Fibonacci sequence, so ¢(z) = F,,,.

2.2 Subsets with one pair of consecutive integers

Finding the subsets with one pair of consecutive integers is equivalent to finding the
number of bit strings with exactly one pair of consecutive ones so we follow the same

approach as in the previous section. Let /(%) be the number of strings with the required

property.
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When a bit string with the required property starts with two consecutive ones, the rest of
the string cannot have any other pair of consecutive ones. Therefore, number of bit strings
with the required property starting with two consecutive ones or ending in two

consecutive ones is 2g(z — 3) = 2F,_;

A bit string with exactly one pair of consecutive ones in the ‘middle’ can be formed by
taking two bit strings, with the left bit string ending in a one and the right bit string
beginning with a one and both strings not having any consecutive ones in them like in the

figure below:
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In the above example, we have z = 5 where the left string is of length 2 and the right string
is of length 3. We sce that the total number of bit strings with exactly one pair of

consecutive ones in the middle is

n=2

g(@-2 g(n—z—Z)—ZFF (2.1)
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Combining the above, we see that the total number of bit strings with exactly one pair of

consecutive integers is

—
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n=2
fn)=> FF, ,+2F, => F;F,,. (2.2)
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2.3 Using generating functions to get a closed form solution

We start with the well known generating function of the Fibonacci sequence which is
X
F(x) = ———.
()= (1)

‘We have

1 (1-x—x?%) (1-x—x?)
where [x”] denotes the coefficient of x”.
We can write
1 1 » re 2r,r_ 23)
= + p— .
(1-x-22)° (r,-r)\(1-xr,) (1-xr)> l-x-2°
1+/5
where r, = =2,
Therefore
-2 1 1 n "
fn) =[] ———— ==((n - 1)} + (n— 1)7" +2F,_,)
(1-x-a2)> 5
L 5 (2.4)
n —
= 5 Ln + ;Fn—l

where L, is the »” Lucas number.
When 7 = 10, £(10) = 222 + 224 = 235,
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3 Computational Solution

From the following Python code we see that the number of subsets with exactly one pair of

consecutive integers is 235.

1 def has exactly one consecutive pair(subset):
return sum(subset[i] == '1' and subset[i+1] == '1' for i in

range(len(subset) - 1)) == 1

3

4 def count subsets with one consecutive pair(n):

5 count by size = {i: 0 for i in range(1l, n+1)}

6 total count = 0

7

8 for 1 in range(1l, 2**n):

9 subset = format(i, f'O{n}b")

10 if has_exactly one consecutive pair(subset):

11 size = subset.count('1"')

12 count by size[size] +=1

13 total count += 1

14

15 return total count, count by size

16

17 n =10

18 total, breakdown = count subsets with one consecutive pair(n)

print(f"Total number of subsets with exactly one consecutive pair:
{total}")
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